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CLOSE-TO-CONVEXITY OF NORMALIZED DINI FUNCTIONS
A´RPA´D BARICZ⋆, ERHAN DENIZ, AND NIHAT YAGMUR
Dedicated to Aysima, Boro´ka and Koppa´ny
Abstract. In this paper necessary and sufficient conditions are deduced for the close-to-convexity of
some special combinations of Bessel functions of the first kind and their derivatives by using a result
of Shah and Trimble about transcendental entire functions with univalent derivatives and some newly
discovered Mittag-Leffler expansions for Bessel functions of the first kind.
1. Introduction and the Main Results
Special functions, like Bessel functions of the first kind play an important role in pure and applied math-
ematics. Geometric properties, like univalence, starlikeness, spirallikeness and convexity were studied in
the sixties by Brown [9, 10, 11], and also by Kreyszig and Todd [13]. Some other geometric properties of
Bessel functions of the first kind were studied later in the papers [1, 2, 3, 4, 6, 7, 18, 19]. Recently, in
[8] the close-to-convexity of the derivatives of Bessel functions was considered. In this paper we make a
contribution to the subject by deducing necessary and sufficient conditions for the close-to-convexity of
some special combinations of Bessel functions of the first kind and their derivatives. In order to prove our
main results we use a result of Shah and Trimble [17, Theorem 2] about transcendental entire functions
with univalent derivatives and some newly discovered Mittag-Leffler expansions for Bessel functions of
the first kind. The next result of Shah and Trimble [17, Theorem 2] is the cornerstone of this paper.
Lemma 1. Let D = {z ∈ C : |z| < 1} be the open unit disk and f : D → C be a transcendental entire
function of the form
f(z) = z
∏
n≥1
(
1− z
zn
)
,
where all zn have the same argument and satisfy |zn| > 1. If f is univalent in D, then
∑
n≥1
1
|zn| − 1 ≤ 1.
In fact the above inequality holds if and only if f is starlike in D and all of its derivatives are close-to-
convex there.
Now, consider the function fν : D→ C, defined by
fν(z) = 2
νΓ(ν + 1)z1−
ν
2 Jν(
√
z) =
∑
n≥0
(−1)nΓ(ν + 1)zn+1
4nn!Γ(ν + n+ 1)
,
where Jν stands for the Bessel function of the first kind (see [16, p. 217]). Very recently by using a
result of Shah and Trimble [17, Theorem 2] in [8] the authors proved that the function fν and all of
its derivatives are convex in D if and only if ν ≥ ν⋆, where ν⋆ ≃ −0.1438 . . . is the unique root of the
equation
3Jν(1) + 2(ν − 2)Jν+1(1) = 0
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on (−1,∞). We note that in view of the Alexander’s duality theorem the first part of the above result is
equivalent to the fact that the function
z 7→ qν(z) = zf ′ν(z) = 2ν−1Γ(ν + 1)z1−
ν
2
(
(2− ν)Jν(
√
z) +
√
zJ ′
ν
(
√
z)
)
=
∑
n≥0
(−1)n(n+ 1)Γ(ν + 1)zn+1
4nn!Γ(ν + n+ 1)
is starlike in D if and only if ν ≥ ν⋆. In this paper we would like to point out that actually we have the
following stronger result.
Theorem 1. The function qν is starlike and all of its derivatives are close-to-convex (and hence univalent)
in D if and only if ν ≥ ν⋆, where ν⋆ ≃ −0.1438 . . . is the unique root of the transcendent equation
3Jν(1) + 2(ν − 2)Jν+1(1) = 0 on (−1,∞).
Moreover, in this paper we are interested on the normalized Dini function rν : D→ C, which is another
special combination of Bessel functions of the first kind and is defined as
rν(z) = 2
νΓ(ν + 1)z1−
ν
2
(
(1 − ν)Jν(
√
z) +
√
zJ ′
ν
(
√
z)
)
=
∑
n≥0
(−1)n(2n+ 1)Γ(ν + 1)zn+1
4nn!Γ(ν + n+ 1)
.
By using Lemma 1 and the idea of the proof of Theorem 1 our aim is to present the following interesting
sharp result. We note that some similar results were proved for Bessel functions of the first kind in
[4, 7, 8, 18], but by using different approaches.
Theorem 2. The function rν is starlike and all of its derivatives are close-to-convex (and hence univa-
lent) in D if and only if ν ≥ ν⋆, where ν⋆ ≃ 0.3062 . . . is the unique root of the transcendent equation
Jν(1)− (3− 2ν)Jν+1(1) = 0 on (0,∞).
It is important to mention here that the first part of the above result is quite similar to the following
sharp result (see [7, Theorem 1.5]): the function z 7→ 2νΓ(ν + 1)z1−νJν(z) is convex in D if and only if
ν ≥ 1. Note that according to the Alexander’s duality theorem this result is equivalent to the following:
the function
z 7→ 2νΓ(ν + 1)z1−ν ((1− ν)Jν(z) + zJ ′ν(z)) =
rν(z
2)
z
is starlike in D if and only if ν ≥ 1.
Now, let us consider the function wa,ν : D→ C, defined by
wa,ν(z) =
2ν
a
Γ(ν + 1)z1−
ν
2
(
(a− ν)Jν(
√
z) +
√
zJ ′
ν
(
√
z)
)
=
∑
n≥0
(−1)n(2n+ a)Γ(ν + 1)zn+1
a · 4nn!Γ(n+ ν + 1) .
The following sharp result is a common generalization of Theorems 1 and 2.
Theorem 3. Let ν > − 34 and a ≥ 24ν+3 . The function wa,ν is starlike and all of its derivatives are
close-to-convex (and hence univalent) in D if and only if ν ≥ νa, where νa is the unique root of the
transcendent equation (2a− 1)Jν(1)− (a− 2ν + 2)Jν+1(1) = 0 on
(− 34 ,∞) .
Finally, we mention that in particular Theorem 1 and Theorem 2 yield that
z 7→ q 1
2
(z) =
3
2
√
z
(
sin
√
z +
√
z cos
√
z
)
,
z 7→ q 3
2
(z) =
3
2
√
z
(√
z cos
√
z + (z − 1) sin√z) ,
z 7→ r 1
2
(z) = z cos
√
z
and
z 7→ r 3
2
(z) = 3 cos
√
z − 3(z − 2) sin
√
z
2
√
z
are starlike in D and all of their derivatives are close-to-convex (and hence univalent) there. Moreover,
by using the above result we obtain that
z 7→
r 3
2
(z2)
z
=
3 cos z
z
− 3(z
2 − 2) sin z
2z2
3is starlike in D. Here we used that [16, p. 228]
J 1
2
(z) =
√
2
piz
sin z and J 3
2
(z) =
√
2
piz
(
sin z
z
− cos z
)
.
2. Proofs of the Main Results
In this section our aim is to present the proof of our main results.
Proof of Theorem 1. Let us denote the nth positive zero of the Dini function z 7→ (2−ν)Jν(z)+zJ ′ν(z)
by βν,n. We know that [7, Lemma 2.5] if ν > −1, then we have the Mittag-Leffler expansion
zf ′′
ν
(z)
f ′
ν
(z)
= −
∑
n≥1
z
β2
ν,n
− z ,
which in turn implies that
f ′
ν
(z) = ec
∏
n≥1
(
1− z
β2
ν,n
)
.
On the other hand, we know that
f ′
ν
(z) =
∑
n≥0
(−1)n(n+ 1)Γ(ν + 1)zn
4nn!Γ(ν + n+ 1)
and then we have f ′
ν
(0) = 1. This implies that c = 0. Thus for the function qν we can apply Lemma 1,
and we just need to check the corresponding conditions on the zeros βν,n. We know that (see the proof
of [8, Theorem 1]) ∑
n≥1
1
β2
ν,n
− 1 ≤ 1
if and only if ν ≥ ν⋆, where ν⋆ ≃ −0.1438 . . . is the unique root of the equation 3Jν(1)+2(ν−2)Jν+1(1) = 0
on (−1,∞). Thus, we need only to verify the condition βν,n > 1 for each ν > ν⋆ and n ∈ N. In [7, Lemma
2.6] it was proved that βν,1 > 1 for ν ≥ 0, however a close inspection on the proof reveals that βν,1 > 1
in fact for ν > − 14 . This implies that indeed βν,n > 1 for each ν > ν⋆ and n ∈ N, and thus we can apply
Lemma 1 for the function qν . 
Proof of Theorem 2. Let us start with the following result, which was proved quite recently in [5,
Theorem 1]: Let ν > −1 and consider the Dini function dν : D→ C, defined by
dν(z) = (1 − ν)Jν(z) + zJ ′ν(z).
If αν,n denotes the nth positive zero of the Dini function dν , then the following Weierstrassian factorization
is valid
dν(z) =
zν
2νΓ(ν + 1)
∏
n≥1
(
1− z
2
α2
ν,n
)
,
where the infinite product is uniformly convergent on each compact subset of the complex plane. By
using this result we obtain that
rν(z) = 2
νΓ(ν + 1)z1−
ν
2 dν(
√
z) = z
∏
n≥1
(
1− z
α2
ν,n
)
.
On the other hand, by using the Mittag-Leffler expansion [7, Lemma 2.4] (see also [5, Theorem 3])
d′
ν
(z)
dν(z)
− ν
z
=
zJν+2(z)− 3Jν+1(z)
Jν(z)− zJν+1(z) = −
∑
n≥1
2z
α2
ν,n
− z2
we obtain that ∑
n≥1
1
α2
ν,n
− 1 = −
1
2
· Jν+2(1)− 3Jν+1(1)
Jν(1)− Jν+1(1) .
Now, for ν > −1 let γν,n be the nth positive root of the equation γJν(z) + zJ ′ν(z) = 0. Owing to Landau
[14, p. 196] we know that if ν + γ ≥ 0, then the function ν 7→ γν,n is strictly increasing on (−1,∞) for
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n ∈ N fixed. This implies that ν 7→ αν,n is strictly increasing on (−1,∞) for n ∈ N fixed, and thus the
function
ν 7→ 1−
∑
n≥1
1
α2
ν,n
− 1
is strictly increasing on (−1,∞). Consequently we have that
∑
n≥1
1
α2
ν,n
− 1 ≤ 1
if and only if ν ≥ ν⋆, where ν⋆ ≃ 0.3062 . . . is the unique root of the equation Jν(1)− (3−2ν)Jν+1(1) = 0
on (0,∞). Here we used the recurrence relation
Jν(z) + Jν+2(z) =
2(ν + 1)
z
Jν+1(z)
to show that the equation
−1
2
(Jν+2(1)− 3Jν+1(1)) = Jν(1)− Jν+1(1)
is equivalent to Jν(1)− (3− 2ν)Jν+1(1) = 0. We also note that according to [7, Lemma 2.6] for ν ≥ 0 we
have αν,1 > 1 and consequently we have αν,n > 1 for all n ∈ N and ν ≥ 0. Thus, by using Lemma 1 we
conclude that the function rν is indeed starlike and all of its derivatives are close-to-convex in D if and
only if ν ≥ ν⋆. 
Proof of Theorem 3. Let us consider the function Da,ν : D→ C, defined by
Da,ν(z) = (a− ν)Jν(z) + zJ ′ν(z) =
∑
n≥0
(−1)n(2n+ a)z2n+ν
22n+νn!Γ(n+ ν + 1)
.
Since for c > 0 we have that log Γ(n+c)
n logn → 1 as n→∞, it follows that
lim
n→∞
n logn
log
(
a·4n
(2n+a)Γ(ν+1)
)
+ log Γ(n+ 1) + log Γ(n+ ν + 1)
=
1
2
.
Thus, the growth order of the entire function
z 7→ 2
ν
a
Γ(ν + 1)z−νDa,ν(z) =
∑
n≥0
(−1)n(2n+ a)Γ(ν + 1)z2n
a4nn!Γ(n+ ν + 1)
is 12 and in view of the Hadamard theorem [15, p. 26] we have that
Da,ν(z) =
azν
2νΓ(ν + 1)
∏
n≥1
(
1− z
2
ω2
a,ν,n
)
,
where ωa,ν,n stands for the nth positive zero of Da,ν . This in turn implies that
wa,ν(z) =
2ν
a
Γ(ν + 1)z1−
ν
2 Da,ν(
√
z) = z
∏
n≥1
(
1− z
ω2
a,ν,n
)
.
On the other hand, by using logarithmic differentiation in the infinite product representation of Da,ν
and the fact that the Bessel function of the first kind is a particular solution of the second-order Bessel
differential equation, it follows the Mittag-Leffler expansion
D′
a,ν
(z)
Da,ν(z)
− ν
z
=
(2ν2 − aν − z2)Jν(z) + (a− 2ν)zJ ′ν(z)
(a− ν)zJν(z) + z2J ′ν(z)
= −
∑
n≥1
2z
ω2
a,ν,n
− z2 ,
and consequently we have
∑
n≥1
1
ω2
a,ν,n
− 1 = −
1
2
· (2ν
2 − aν − 1)Jν(1) + (a− 2ν)J ′ν(1)
(a− ν)Jν(1) + J ′ν(1)
.
5Now, applying again the fact that [14, p. 196] for ν > −1 and ν + γ ≥ 0 the function ν 7→ γν,n
is strictly increasing on (−1,∞) for n ∈ N fixed (where γν,n is the nth positive root of the equation
γJν(z) + zJ
′
ν
(z) = 0) we obtain that the function
ν 7→ 1−
∑
n≥1
1
ω2
a,ν,n
− 1
is strictly increasing on (−1,∞). Consequently we have that∑
n≥1
1
ω2
a,ν,n
− 1 ≤ 1
if and only if ν ≥ νa, where νa is the unique root of the equation
(a− 2ν + 2)J ′
ν
(1) + (2ν2 − aν − 2ν + 2a− 1)Jν(1) = 0,
or equivalently
(2a− 1)Jν(1)− (a− 2ν + 2)Jν+1(1) = 0,
on (−1,∞). On the other hand, we know that ω2
a,ν,1 >
4a(ν+1)
a+2 for ν > −1 and a > 0, see [12, Theorem
6.1]. This in turn implies that ωa,ν,1 > 1 for ν > − 34 and a ≥ 24ν+3 . Thus, by using Lemma 1 we conclude
that the function wa,ν is indeed starlike and all of its derivatives are close-to-convex in D if and only if
ν ≥ νa. 
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